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Abstract: The exactdescriptionof the overall behaior of compositesvith nonlinear
dissipatve phasesequiresaninfinity of internalvariables.Approximatemodelsinvolv-
ing only a finite numberof thosecanbe obtainedby consideringa decompositiorof the
microscopicanelasticstrainfield on afinite setof shapefunctions. The Transformation
Field Analysisof [Dvorak,1997 is obtainedasa specialcaseof the proposedheoryby
consideringshapgunctionswhich areuniformwithin agivensubdomainTheinterestof
consideringhonuniformshapeunctionsis shovn.
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1. INTRODUCTION

Among all Paul Germains scientific achiezements his contrikution to the formulation
of constitutverelationsin the coherenframewnork of ContinuumThermodynamickasa
prominentplace.His bookon “M écaniqualesMilieux Continus”[Germain,1973, con-
temporaryof the seminalwork of [Halphenetal, 1975] on “GeneralizedStandardMa-
terials” (GSM), openeda way which was further pursued developedandillustratedby
mary authorsinside andoutsideFrance(see[Germainetal, 1983,Lemdtre etal, 1988
Lubliner, 199Q Maugin,1997 for areview).

This theoryrelieson two fundamentatonceptsthe notion of internal variablesof-
tendenoteda, andthe notion of thermodynamigotentials the free enegy pw andthe
dissipationpotentialy, endavedwith specificmathematicaproperties.

Theinternalvariablesa attime ¢ aresupposedo containall therelevantinformation
aboutthematerialhistoryfor timesr < t. Thechoiceof thesevariablesdependbviously
on the constitutve relationsunderconsideration. Someof thesevariableshave a purely
macroscopidnterpretation Othervariablesaresometimesnterpretedasmicrostructural
variablesbut mostoften the equationsgoverningtheir evolution are not really derived
from micromechanicatonsiderations.
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The aim of this paperis to give an example of an approximatemicromechanical
scheman which internalvariablesat the macroscopidevel have a well understoodni-
cromechanicahterpretationMore specifically we considelanonhomogeneousaterial
with elementaryconstituentsvhich arestandards the simplestpossibleform. Theonly
internalvariableis the anelasticstrain. It is well known thatthe overall behaior of such
acompositehasa GSM structurebut with infinitely mary internalvariableswvhich arethe
fields of local internalvariables. This resultwill be recalledin section2 following the
presentatiorof [Suquet,1989. Similarideaswerealreadypresentn differentformsin
theworksof [Rice, 1970 and[Mandel,1973 amongothers.

In practiceit is necessaryo reducethe numberof internalvariablesby considering
thatthe local fields of anelasticstrainsdependonly on a finite numberof “shapefunc-
tions” describinghevariationsof thelocal plasticfields. Thisreductionis donein section
3. It is remarled thatthe proposedmethodreducedo the “TransformatiorField Anal-
ysis” of [Dvoraketal, 1994, whenthe plastic strainfields are assumedo be uniform
within eachindividual phase.This correspondso the casewherethe shapgunctionsare
the characteristidunctionsof the phases.The proposedheoryis more generalin that
the shapeunctionsarenotrequiredto be uniform within a givendomain.Themethodis
illustratedin section4 andits meritsareassesseldy comparisorwith the TFA.

2. STABILITY OFTHE STANDARD STRUCTUREBY CHANGEOFSCALE

Considera “representatie volume element”(r.v.e) V' of the nonhomogeneousaterial
composedf N differentphasesor subdomains.This r.v.e is subjectedto an average
loadingcharacterizethy a givenpathin the spaceof overall strainor stress Attentionis
limited to isothermakvolutionsandinfinitesimaldeformationsTheoverall Cauchystress
& andtheoverallinfinitesimaldeformatiore arethe averagef their local counterparts
o ande

_ _ 1
7= (o), E=(e), where(f)= W/v f(x) dz. (1)

The local stressand strain fields are determinedthroughthe resolutionof the “local”
evolution problemposedfor ther.v.e. andconsistingof equilibriumequationsboundary
conditionsand constitutive relations. The boundaryconditionsare assumedo be such
thatHill' s micro-macrdocalizationconditionis satisfied:for ary compatiblestrainfield
€ andary stresdield & in equilibrium,bothmeetingtheboundaryconditionsmposedon
theboundaryof ther.v.e.,thefollowing equalityholds

(og:e)=(o):{e) =7 :E. (2)

Examplesof boundaryconditionsmeeting(2) include uniform strains,uniform stresses,
periodicity conditions(see[Suquet,1987]for moredetails).Periodicityboundarycondi-
tionswill beassumedh thefollowing.



2.1 Standard constitutive relations

The behaior of the individual constituentat point = is definedby a “standard”model,
i.e. by two thermodynamigotentials. The free enegy pw defines(throughthe state
laws) the forcesavailablein the systemat restto drive the dissipatve mechanismsand
thedissipatiorpotentialy relatesherateof the dissipatve mechanismgcomplementary
laws)with theassociatedbrces.For simplicity we shallconsidethatthe only dissipatve
mechanisntomesthroughan anelasticstrain(plasticor viscoplasticstrain)e?" andthat
thefreeenegy is aquadratidunctionof theelasticstrain

1
e=¢e°4+¢e"", pw(e, )= 5(6 —€): L:(e—¢€"). (3)

Thenthe statelaws andthe complementaryaws readrespectiely:

Statelaws: o(x)= pg—z}(w, e(x),e"(x)) = L(x) : (e(x) — e*(x)), (4)

Complementarjaws: o= W(w’ e (x)). (5)

Thepotentialsow andy maydependn x (honhomogeneitpf thevolumeelementiand
areassumedo be convex with respecto their otherarguments.

2.2Generalizedstandard structur e of the overall constitutive relations
The free enegy is an additive quantityor in otherwordsthe overall free enegy of the
riv.e. V is the averageof the local free enegy. As shawvn in [Suquet, 1987, the state
variablesatthemacroscopidevel consisiof theaveragestraing andof aninfinite number
of internalvariableswvhich arethevaluesof the anelasticstrainfield at every microscopic
pointx € V:

a = {e""(z)}eev- (6)
Theoverallfreeenegy reads
pw (€,{e™ (@) }eev) = (pw(e, ™)), with p=(p). (7)

Theforcesassociatedvith thestatevariablesare

AT B IS I
p% (6’ {6 (w)}wEV) ’ A= {‘A':l:}:l:GVa Aw - _pasT(w) (6, {6’ (m)}wEV) .

(8)

Thefirst force canbe computedusingHill’ slemma

Poe & (e @haer) = (p5e(ee™: 52 ) = (o 52 ) =@ (5 ) =7



since<¥> = I. Similarly, the setof forces{.A }.cv coincideswith thelocal stress
154

field {o(x) }zcv. Theeffective dissipationpotentialreads

S({e™ (@) }oev) = (p(e7"). (9)

With the choices(6) (7) (9), the effective constitutve relationsof the compositehave a
generalizedtandardstructure:

Statevariables: g, a = {e*"(z)}qev, (10)
. 0w _ 0w ,_
Statelaws: & = p%(e, a), A= o (€, o), (11)
op
Complementaryaws: A= 9 — (). (12)
(84

2.3Greenoperator T’
At rest(no evolution of the system)the stressandstrainfield in ther.v.e. solve the fol-
lowing linearelasticproblem,with appropriatéooundaryconditions

o(x) = L(x) : (e(x) — ¥ (x)), div(o(z)) =0, (e)=E. (13)

Thestrainfield e(x) solutionof this problemis a nonlocalfunctionof theanelasticstrain
field andcanbeexpresseds:

elx)=A s—i—m/Dmm e(x') de' = A(x) : €+ D+ e"(x), (14)
where
D xe™( def|‘1/|/wa " (z') d’. (15)

In thisrelationA(x) denotesheelasticstrain-localizatiotensorandD (z, ') = I'(x, ') :
L(x') givesthestrainat point x createdby aneigenstraire®’(z') atpointz’. T'(x, z’)
denoteghe elasticGreenoperatorwhich canbe expressedn termsof the derivativesof
the Greenfunctionfor the Navier equationsvith elasticcoeficientsL. More specifically
givenafield of eigenstress (x), the solutionof theelasticityproblem:

o(x)=L(zx):e(x)+7(x), div(e(x)) =0, (&) =0, (16)



canbeexpresseds:
elx) =—(T'x7)(x). (17)

I" hassimplepropertiesvhichwill beusefulin thesequel

/ [(z,z’') dz’ =0, / ['(z,z')dec =0, T(c,z')="T(z z). (18)
v v

3. REDUCTIONOF THE NUMBER OF INTERNAL VARIABLES

3.1Statevariables
In orderto reducethe numberof internalvariableswe assumehroughouthe following
that the field of anelasticstrainscan be expressedas a function of a finite numberof
“shapefunctions”f,:

A
e(x) =) ¥ ba(x). (19)

The*“reduced’statevariablesof themodelarethe overall strainandthe componenof the
anelasticstrainfield onthe shapefunctions:

€ and a={e"}oo1,. 4 (20)

A typical exampleof suchshapefunctionsis provided by the characteristi¢dunctions
of phasesor subdomainswithin the samephase(we shall considerthe subdomainsas
separat@hasegventhoughasinglemechanicaphasecanbedividedinto severalsubdo-
mains):

xr(x)=1ifz €V, x,(x)=0otherwise (21)

Thisspecificchoiceleadsto the“T ransformatiorField Analysis”of [Dvorak,1993 where
theplasticstrainfield is assumedo be uniformover eachindividual subdomairi/,.. How-
ever it may be interestingin certaincircumstances$o considershapefunctionswhich
arericher than the characteristidunctionsto accountfor spatialnonuniformity of the
(anelasticktrainfield within onephaseor subdomainTheresultingtheorywill becalled
the“Nonuniform TransformatiorField Analysis” (NTFA).

It is assumedhatthe shapeunctionshave their supportentirelycontainedn asingle
phaseln moremathematicalermsit is assumedhat

Oo(z)xr(x) =00r0y(x) Vr=1,..,N. (22)

Thereforeonecandefine L, andy, asthe stiffnesstensorandthe dissipationpotential
of thephaser in which the shapeunctioné, hasits support.



3.2 Statelaws
With thedecompositior{19), the effective free-enegy (7) andthethermodynamidorces
associatedavith the statevariablesz, {e2"},-1,... 4) readas

A A 3\
5 (& (e o) = §<<e — > e0.) L (e - Zs%”9ﬂ>>,
a=1 B=1

_:ﬁg,lf( {5 }a 1,...,A < E—Zean0 > ( (23)

_ow ,_
Ao = s (€ e Yam1,n) = (L2 (€ = €)a) = (@a).

/

Thestatelaws canbe moreeasilyexpressedn termsof thefollowing generalizedtresses
andstrains

(o0a) (€ba) an _ (€%"0a)
aa = b eOé = Y ea = . (24)
(0a) (0a) (0a)
Notethat
A
A, = a, = (9).5(0s)€3", where go5 = (0abp). (25)

p=1

Multiplying thelocal statelaw (4) by 8, andaveragingover V' yields
ao=L,:(en—€), a=1,.., A (26)

Undertheapproximation(19), (14) becomes

A
e(x) = e+ (Dxbg)(x): 3 (27)
B=1

Uponmultiplicationof equation(27) by 6, andaveragingover V', oneobtains

A
e,=A, €+ Z D,s: egn’ (28)
B=1
where
A 0,D * 0

(0a)



Similarly, incorporating(27) into (23b)yields

o

A
Z (L : D %0,) — Lo(6,)) : . (30)

The statelaws, expressinghe forcese and.A,, in termsof the statevariablese ande?"
consistof (30), (26) with (28) and(25).

3.3Complementarylaws
Underthe approximation(19), the dissipationpotential(g) canbe expressedn termsof
theratesof theinternalvariables{e2"},_,

.....

(&) = (p (™), whereg™ Zz—:"’“‘e (31)
Then
e (e ams) = (o €00 ) = (0) = A (52)

Thereforethe constitutve relationsof the composite(in reducedorm) have a gener
alizedstandardstructuredefinedby the statevariables(20), the free enegy (23) andthe
dissipationpotential(31).

Thereis however a difficulty in applyingthe complementaryaw (32) in exactform.
Thiswouldrequiretheknowledgeof {(p(£2")) which cannotbeexpresseagimplyin terms
of theéd™s. Anotherapproximatiorhasto beintroduced Notethatthanksto the corvex-
ity of ¢, onehas:

(Bapale™) (<éan(’“>) (33)

(0a) (0a)

Theright-hand-sideof (33) canbe consideredasan approximatiorof its left-hand-side.
Then

o = (ocggmten) (o535 () ) - 0938 (G)

Thereforethe complementargquationg32) canbe expressedin approximatg¢orm) as:

0¢q .
ao = 55 (&), (34)



3.4Link with the Transformation Field Analysis
Thelink with the TransformatiorField Analysisof [Dvorak, 1997 canbemadeby choos-
ing the shapdunctionsto coincidewith the characteristidunctions(21) of the phase®r
subdomains:

Oo(z) = xr(), (00) =cr, (0a03) =cr0ps, 1,5=1,..., N,

wherec, is thevolumefractionof phase- andd, is theKronecler symbol. Theanelastic

strainis assumedo be uniform within eachsubdomainl,. The generalizedstressand

strainsa,, ande,, reduceto theaveragestressandstrainover the subdomairi/;..
Thestatelaws (26) andthe complementaryaws (34) read:

¢ .
Oy, L,:(e,—€"), o,= 8;0""” e, r=1,.,N, (35)

an

wherethe averagestrainse, in thedifferentsubdomainsiregivenby:
e+ZDm: e, r=1,..,N. (36)

Thefourth-ordertensorsA,, and D4 arethe averagestrainlocalizationtensorsA, and
theinfluencetensorsD,; which arethe basicingredientsof the TFA ([Dvorak,1992):

A, A(z)xr z,
s \V\/ )xr(

D, = |V| \V\//XT ) L(z")xs(z') de'de.

A few well known algebraigropertieof thesetensorsareusefulin their computations

and

N N
ZDST =I- A, ZDsrLr_l =0, c¢LsDs = CTTDrer-

4. EXAMPLES

The relatve merits of the above modelsare assessetly meansof the following two-
dimensionakxample. Ther.v.e. consistof a squareunit cell containinga squarenclu-
sion(phasel) locatedatits center(with volumefractionc; = 0.25). Theunit cell is sub-
jectedto periodicboundaryconditions. Theinclusionis linearelastic. The surrounding
matrix is elasticperfectlyplastic(von Misescriterionwith yield stresssy, = 100 MPa).
Theinclusionandthematrix have the sameelasticmoduli E = 100 GPa, v = 0.25.



(@) (b) (€)

Figure 1: Unit cell. Subdivisionsisedfor the implementatiorof the TFA. (a): 2 subdo-
mains,matrix andinclusion. (b): 8 subdomaingn the matrix. (c): 48 subdomainsn the
matrix, 4 subdomain theinclusion.

(@) (b) (€)

Figure 2: (a) Meshusedin the FEM calculations. (b) Shapefunction1 (flow modein
simpleshear).(c) Shapdunction2 (flow modein uniaxial tension).
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Figure 3: Effectivestressstrain curves.(a) Pure shear (b) Uniaxial tension.Thenumber
in parentheseslenoteghe numberof subdomain®r shapefunctionsusedin theimple-
mentationof the TFA or NTFA.

Theunit cell is subjectedo anin-planeoverall stress
O =011€1 Qe +0xne ® ey + 2012e; ®; €. (37)

Attentionhasbeenpaidto two specificcasessimpleshear(a;; = 22 = 0) anduniaxial
tension(g, = @22 = 0). The exactresponsesgup to numericalerrors)of the unit cell
underthe simple shearand uniaxial tensionhasbeencomputedby the FEM. The TFA
andtheNTFA have alsobeenimplemented.

Severalsubdvisionsof theunit cell have beenconsideredn theimplementatiorof the
TFA. Thecrudersubdvisionconsiderghe plasticstrainto be uniformin thematrix (Fig-
ure 1a). Finer subdvisionswerealsoinvestigatedn which the matrix wasdividedinto
8 and48 subdomainsespectrely, asshavn in Figurelb andlc. The elasticproperties
of the inclusionandof the matrix beingidentical,the elasticstrainlocalizationis trivial
A(z) = I. TheinfluencematricesD,., arecomputechumericallyby the Finite Element
Methodusingaregularmeshof 80 x 80 quadrilateraB nodeselementshawvn in Figure
2a. A uniform eigenstrairg?" is prescribedo the subdomairi/; andthe averagestrainin
subdomairi/, causedy this perturbations computed.Thecorrespondingelationyields
theinfluencetensorD, ..

Only threeshapdunctionswereusedin theNTFA (moreshape&unctionscouldhave
beenusedbutit is worthnotingthatsatishictoryresultscanbeobtainedwith relatively few



shapdunctions).Thefirst shapdunctiond, is thecharacteristiéunctionof theinclusion.
Thesecondshapeunctionés is theflow modein pureshear Thethird shapgunctionés
is the flow modeunderuniaxial tension. Thesemodesandthe correspondingnfluence
matricesD s werecomputechumericallyby the FEM usingthe meshshavn in Figure
2a. Snapshotsare shavn in Figure 2b (pure shear)and 2c¢ (uniaxial tension). Whiter
zonegdenotehigherstrains.Remarkablyenoughthe patternflow modeunderpureshear
shawvs zoneswith uniform strains.An exactsolutionfor this problemcanbe constructed
in closedform. Thestrainfield, solutionof the elasto-plasti@volution problem,is apure

slip solutionwhich canbe expressedn termsof ¢ = %0 as
2\/§u
epo=¢c%INA, ¢ :gu_‘ge-l—seinB € :L_ee-i-seinC (38)
12 ) 12 1 — \/a ) 12 2(1 _ \/a) )

where A denoteshe inclusion, B denotesghe subdomaingocatedat the top right, top
left, bottomright, bottomleft in Figure1lb,andC denoteghe remainingsubdomainsn
Figurelb

Theresponsesf the unit cell to the imposedioadingsaspredictedby the TFA and
NTFA modelsareshowvn in Figure3. The predictionsof the TFA with the cruderdis-
cretizationi.e. with onesubdomairfor theinclusionandone subdomairfor the matrix
areunrealisticallystiff (thisis well knovn [Suquet,1997, [Chabocheetal, 1999]). When
the discretizations refined(the numberof subdomainss increased)the predictionsof
theTFA becomanorerealistic.In simplesheartheexactsolutionis recoreredby thedis-
cretizationwith 8 subdomainsasfollows straightforvardly from the exactsolution(38).
But in generalthe corvergencetowardsthe exactsolutioncanbe slow asthe numberof
subdomaings increased.This is shovn in Figure3b whereit is seenthat, evenwith 48
subdomaingn the matrix, the predictionof the TFA is not very accurate The prediction
of the NTFA with only 3 modesis asaccurateasthe predictionof the TFA with mary
more subdomains.This is dueto the fact that the solutionis nonuniformandthat this
nonuniformityis built-in into the shapdunctions.

In conclusionwe have shavn thatthe reductionof the numberof internalvariables
achiered by the TFA canbeimproved. We have considerech decompositiorof the mi-
croscopicanelastidield on shapdunctionswhich arenonuniformandwhich capturethe
expectednonuniformityof the exactfields.
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