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Abstract: The exact descriptionof the overall behavior of compositeswith nonlinear
dissipativephasesrequiresaninfinity of internalvariables.Approximatemodelsinvolv-
ing only a finite numberof thosecanbeobtainedby consideringa decompositionof the
microscopicanelasticstrainfield on a finite setof shapefunctions.TheTransformation
Field Analysisof [Dvorak,1992] is obtainedasa specialcaseof theproposedtheoryby
consideringshapefunctionswhichareuniformwithin agivensubdomain.Theinterestof
consideringnonuniformshapefunctionsis shown.
Keywords: Constitutive relations,internal variables,nonlinearcomposites,microme-
chanics,TransformationFieldAnalysis.

1. INTRODUCTION

Among all Paul Germain’s scientificachievements,his contribution to the formulation
of constitutiverelationsin thecoherentframework of ContinuumThermodynamicshasa
prominentplace.His bookon “M écaniquedesMilieux Continus”[Germain,1973], con-
temporaryof the seminalwork of [Halphenetal, 1975] on “GeneralizedStandardMa-
terials” (GSM), openeda way which wasfurther pursued,developedandillustratedby
many authorsinsideandoutsideFrance(see[Germainetal, 1983,Lemâıtreetal, 1988,
Lubliner, 1990, Maugin,1992] for a review).

This theoryrelieson two fundamentalconcepts,the notion of internalvariablesof-
tendenoted� , andthe notionof thermodynamicpotentials,the freeenergy 	�
 andthe
dissipationpotential� , endowedwith specificmathematicalproperties.

Theinternalvariables� at time 
 aresupposedto containall therelevantinformation
aboutthematerialhistoryfor times����
 . Thechoiceof thesevariablesdependobviously
on theconstitutive relationsunderconsideration.Someof thesevariableshave a purely
macroscopicinterpretation.Othervariablesaresometimesinterpretedasmicrostructural
variablesbut mostoften the equationsgoverningtheir evolution arenot really derived
from micromechanicalconsiderations.

pierresuquet
Zone de texte 
in R. Drouot, G.A. Maugin, F. Sidoroff (eds) Continuum Ther modynamics : The Art and Science of Modeling Material Behaviour, Klüwer Acad. Pub., 2000, 301-312.



The aim of this paperis to give an exampleof an approximatemicromechanical
schemein which internalvariablesat themacroscopiclevel have a well understoodmi-
cromechanicalinterpretation.Morespecifically, weconsideranonhomogeneousmaterial
with elementaryconstituentswhich arestandardis thesimplestpossibleform. Theonly
internalvariableis theanelasticstrain. It is well known thattheoverall behavior of such
acompositehasaGSMstructurebut with infinitely many internalvariableswhicharethe
fields of local internalvariables.This resultwill be recalledin section2 following the
presentationof [Suquet,1985]. Similar ideaswerealreadypresentin differentforms in
theworksof [Rice,1970] and[Mandel,1972] amongothers.

In practiceit is necessaryto reducethe numberof internalvariablesby considering
that the local fields of anelasticstrainsdependonly on a finite numberof “shapefunc-
tions” describingthevariationsof thelocalplasticfields.Thisreductionis donein section
3. It is remarked that the proposedmethodreducesto the “TransformationField Anal-
ysis” of [Dvoraketal, 1994], when the plasticstrainfields areassumedto be uniform
within eachindividualphase.This correspondsto thecasewheretheshapefunctionsare
the characteristicfunctionsof the phases.The proposedtheoryis moregeneralin that
theshapefunctionsarenot requiredto beuniformwithin a givendomain.Themethodis
illustratedin section4 andits meritsareassessedby comparisonwith theTFA.

2. STABILITY OFTHE STANDARD STRUCTUREBY CHANGEOFSCALE

Considera “representative volumeelement”(r.v.e) � of the nonhomogeneousmaterial
composedof � differentphasesor subdomains.This r.v.e is subjectedto an average
loadingcharacterizedby a givenpathin thespaceof overall strainor stress.Attentionis
limited to isothermalevolutionsandinfinitesimaldeformations.TheoverallCauchystress� andtheoverall infinitesimaldeformation� aretheaveragesof their local counterparts� and � ����������� � ��� � � � where �"!#�$� %& � & '�( !*)�+�,.-/+10 (1)

The local stressand strain fields are determinedthroughthe resolutionof the “local”
evolutionproblemposedfor ther.v.e. andconsistingof equilibriumequations,boundary
conditionsandconstitutive relations. The boundaryconditionsareassumedto be such
thatHill’ smicro-macrolocalizationconditionis satisfied:for any compatiblestrainfield� andany stressfield � in equilibrium,bothmeetingtheboundaryconditionsimposedon
theboundaryof ther.v.e.,thefollowing equalityholds�2�43 � �1���2�5�637� � �$� �43 � 0 (2)

Examplesof boundaryconditionsmeeting(2) includeuniform strains,uniform stresses,
periodicityconditions(see[Suquet,1987]for moredetails).Periodicityboundarycondi-
tionswill beassumedin thefollowing.



2.1Standard constitutive relations
The behavior of the individual constituentat point + is definedby a “standard”model,
i.e. by two thermodynamicpotentials. The free energy 	�
 defines(throughthe state
laws) the forcesavailablein the systemat restto drive the dissipative mechanisms,and
thedissipationpotential� relatestherateof thedissipativemechanisms(complementary
laws)with theassociatedforces.For simplicity weshallconsiderthattheonly dissipative
mechanismcomesthroughananelasticstrain(plasticor viscoplasticstrain) � an andthat
thefreeenergy is aquadraticfunctionof theelasticstrain� � � e 8 � an � 	�
 ) � � � an ,9� %: ) �<;=� an ,>3/?@37) �A;B� an ,C0 (3)

Thenthestatelawsandthecomplementarylawsreadrespectively:

Statelaws: �D)�+E,E� 	.F 
F � )2+1� � )2+�,C� � an )2+G,H,9�4?A)�+�,>37) � )�+E, ;=� an )2+E,I,C� (4)

Complementarylaws: ��� F �F6J� an
)2+1� J� an )�+�,I,K0 (5)

Thepotentials	�
 and � maydependon + (nonhomogeneityof thevolumeelement)and
areassumedto beconvex with respectto theirotherarguments.

2.2Generalizedstandard structure of the overall constitutive relations
The free energy is an additive quantityor in otherwordsthe overall free energy of the
r.v.e. � is the averageof the local free energy. As shown in [Suquet,1987], the state
variablesat themacroscopiclevel consistof theaveragestrain � andof aninfinite number
of internalvariableswhicharethevaluesof theanelasticstrainfield ateverymicroscopic
point +ML � : � �@N � an )2+G,PO QSR ( 0 (6)

Theoverall freeenergy readsT	 T
 ) � �UN � an )�+�,KO QSR ( ,E�V� 	�
 ) � � � an ,H��� with
T	 �V� 	 ��0 (7)

Theforcesassociatedwith thestatevariablesareT	.F T
F � ) � �WN � an )�+E,PO QSR ( ,X� YZ�[N\Y]Q^O Q_R ( � Y]QA� ; T	 F T
F � an )2+G, ) � �UN � an )�+�,KO QSR ( ,X0
(8)

Thefirst forcecanbecomputedusingHill’ s lemmaT	 F T
F � ) � �WN � an )�+E,PO Q_R ( ,9�a` 	 F 
F � ) � � � an ,b3 F �F �1c �d`��e3 F �F �1c ���f���53#` F �F �bc � �g�



since ` F �F �1c �ih . Similarly, thesetof forces N\YjQ^O QSR ( coincideswith the local stress

field N��k)2+E,KO Q�R ( . TheeffectivedissipationpotentialreadsT� )lN J� an )�+E,PO Q_R ( ,9��� � ) J� an ,I��0 (9)

With the choices(6) (7) (9), the effective constitutive relationsof the compositehave a
generalizedstandardstructure:

Statevariables: � � � �mN � an )2+E,KO Q�R ( � (10)

Statelaws: ��� T	 F T
F � ) � � � ,K� YZ� ; T	 F T
F � ) � � � ,K� (11)

Complementarylaws: YZ� F T�F J� ) J� ,C0 (12)

2.3Greenoperator n
At rest(no evolution of thesystem)thestressandstrainfield in the r.v.e. solve the fol-
lowing linearelasticproblem,with appropriateboundaryconditions�D)�+�,9�4?A)2+G,>37) � )2+E, ;=� an )2+E,I,K� div )��D)�+�,I,9�poq� � � �$� � 0 (13)

Thestrainfield � )�+�, solutionof thisproblemis anonlocalfunctionof theanelasticstrain
field andcanbeexpressedas:� )�+�,E�ers)�+E,b3 � 8 %& � & ' (<t )�+b�P+*uv,>3 � an )2+9uw,x-_+*uy�4rz)�+�,>3 � 8 t|{ � an )2+G,K� (14)

where t|{ � an )2+G,*}l~"�� %& � & ' (<t )�+1�P+ u ,>3 � an )2+ u ,x-_+ u 0 (15)

In thisrelationrs)�+E, denotestheelasticstrain-localizationtensor, and
t )�+b��+ u ,E� n )2+b�P+ u ,b3?A)�+ u , givesthestrainat point + createdby aneigenstrain� an )2+9��, at point +�� . n )2+$��+ u ,

denotestheelasticGreenoperatorwhich canbeexpressedin termsof thederivativesof
theGreenfunctionfor theNavier equationswith elasticcoefficients ? . Morespecifically,
givenafield of eigenstress� )2+E, , thesolutionof theelasticityproblem:�k)2+E,E�e?�)�+E,b3 � )�+�, 8 � )2+G,K� div )��D)�+E,H,E�poq� � � �1�e��� (16)



canbeexpressedas: � )2+G,E� ; � n { � ��)2+�,C0 (17)n hassimplepropertieswhichwill beusefulin thesequel' ( n )2+1�P+*uv,.-/+*uX�p��� ' ( n )2+1�P+*uw,�-/+��e��� n )�+1�P+*uv,9� T n )2+9uf�P+E,C0 (18)

3. REDUCTIONOFTHE NUMBER OFINTERNAL VARIABLES

3.1Statevariables
In orderto reducethenumberof internalvariables,we assumethroughoutthefollowing
that the field of anelasticstrainscan be expressedas a function of a finite numberof
“shapefunctions” ��� : � an )�+E,E� �� � �y� � an� ��� )�+E,K0 (19)

The“reduced”statevariablesof themodelaretheoverallstrainandthecomponentof the
anelasticstrainfield on theshapefunctions:� and � �[N � an� O � �y��������� � 0 (20)

A typicalexampleof suchshapefunctionsis providedby thecharacteristicfunctions
of phasesor subdomainswithin the samephase(we shall considerthe subdomainsas
separatephaseseventhoughasinglemechanicalphasecanbedividedinto severalsubdo-
mains): ��� )�+�,E� % if � L � � � ��� )2+G,9�po otherwise0 (21)

Thisspecificchoiceleadsto the“TransformationFieldAnalysis”of [Dvorak,1992] where
theplasticstrainfield is assumedto beuniformovereachindividualsubdomain� � . How-
ever it may be interestingin certaincircumstancesto considershapefunctionswhich
are richer than the characteristicfunctionsto accountfor spatialnonuniformityof the
(anelastic)strainfield within onephaseor subdomain.Theresultingtheorywill becalled
the“NonuniformTransformationFieldAnalysis” (NTFA).

It is assumedthattheshapefunctionshave theirsupportentirelycontainedin asingle
phase.In moremathematicaltermsit is assumedthat��� )2+�, ��� )2+E,��po or ��� )2+�, �y��� % ��0�0�0�� � 0 (22)

Thereforeonecandefine ? � and �x� asthestiffnesstensorandthedissipationpotential
of thephase� in which theshapefunction ��� hasits support.



3.2Statelaws
With thedecomposition(19), theeffective free-energy (7) andthethermodynamicforces
associatedwith thestatevariables) � �UN � an� O � �y����������� � , readasT	 T
 ) � �WN � an� O � �y����������� � ,E� %:G� ) �A; �� � �y� � an� ��� ,>3/?[37) �A; �� � �y� � an

� � � ,U� �
��� T	�F T
F � ) � �WN � an� O � �y����������� � ,9� � ?[37) �A; �� � �y� � an� ��� ,W�¡�

Y � � ; T	zF T
F � an� ) � �WN � an� O � �y����������� � ,E����?[37) �A;B� an , ��� �$���f� ��� ��0

¢¤££££££££££££¥££££££££££££¦
(23)

Thestatelawscanbemoreeasilyexpressedin termsof thefollowing generalizedstresses
andstrains § � � �f� ��� �� ��� � � ¨ � � � �^��� �� ��� � � ¨ an� � � � an ��� �� ��� � 0 (24)

Notethat Y � � § � � ��� ��� � an� � �� � �y� )w©.,Pª �� � � � � �W¨ an

� � where «¬� � ��� ���_� � ��0 (25)

Multiplying thelocalstatelaw (4) by ��� andaveragingover � yields§ � �p? � 37)�¨ ��; ¨ an� ,X� ­z� % ��0�0�0���®k0 (26)

Undertheapproximation(19),(14)becomes� )�+�,E�ers)�+E,b3 � 8 �� � �y� ) t|{ � � ,U)�+E,b3 � an

� 0 (27)

Uponmultiplicationof equation(27)by ��� andaveragingover � , oneobtains¨ � �4r � 3 � 8 �� � �y� t � � 3 � an

� � (28)

where r � � �fr ��� �� ��� � � t � � � � ��� t¯{ � � �� ��� � 0 (29)



Similarly, incorporating(27) into (23b)yields�����"?@3/r��63 � 8 �� � �y� )I�"?@3 t¯{ ��� � ; ? � � ��� �W,b3 � an� 0 (30)

Thestatelaws, expressingtheforces � and Y � in termsof thestatevariables� and � an�
consistof (30),(26)with (28)and(25).

3.3Complementary laws
Undertheapproximation(19), thedissipationpotential(9) canbeexpressedin termsof
theratesof theinternalvariablesN � an� O � �y����������� � :T� ) J� ,E��� � ) J� an ,I��� where J� an )�+�,9� �� � �y� J� an� ��� )2+G,K0 (31)

Then F T�F6J� an� )�N J� an� O � �y����������� � ,E� ` F �F6J� an
) J� an , ��� c �V�f� ��� �$��Y � 0 (32)

Thereforetheconstitutive relationsof thecomposite(in reducedform) have a gener-
alizedstandardstructuredefinedby thestatevariables(20), thefreeenergy (23) andthe
dissipationpotential(31).

Thereis however a difficulty in applyingthecomplementarylaw (32) in exact form.
Thiswouldrequiretheknowledgeof � � ) J� an ,I� whichcannotbeexpressedsimplyin terms
of the J� an� ’s. Anotherapproximationhasto beintroduced.Notethatthanksto theconvex-
ity of ��� onehas: � ���/�x� ) J� an ,I�� ��� � ° �x�²± � J� an ��� �� ��� �´³ (33)

Theright-hand-sideof (33) canbeconsideredasanapproximationof its left-hand-side.
Then� ��� ���1�a` ���bF �x�F6J� an

) J� an , c¶µ ` ���1F �x�F6J� an ± � J� an ��� �� ��� � ³ c ��� ��� � F �x�F5J� an ± � J� an ��� �� ��� � ³ 0
Thereforethecomplementaryequations(32)canbeexpressed(in approximateform) as:§ � � F �x�F J� an

) J¨ an� ,X0 (34)



3.4Link with the Transformation Field Analysis
Thelink with theTransformationFieldAnalysisof [Dvorak,1992] canbemadeby choos-
ing theshapefunctionsto coincidewith thecharacteristicfunctions(21) of thephasesor
subdomains:��� )�+E,E� ��� )2+�,C� � ��� �·�¶¸ � � � ���_� � �1�e¸ �P¹C��º � ���P»5� % �W0�0�0�� � �
wherȩ

�
is thevolumefractionof phase� and

¹K�lº
is theKroneckersymbol.Theanelastic

strainis assumedto be uniform within eachsubdomain� � . The generalizedstressand
strains

§ � and ¨ � reduceto theaveragestressandstrainover thesubdomain� � .
Thestatelaws(26)andthecomplementarylaws(34) read:��� ¼� � �y� ¸ � � � � � � �e? � 37) � � ;B� an

� ,X� � � � F � �F6J� an
) J� an

� ,X� �g� % ��0�0�0�� � � (35)

wheretheaveragestrains� � in thedifferentsubdomainsaregivenby:� � �4r � 3 � 8 ¼� º �y� t �lº 3 � an

º � �g� % ��0�0�0�� � 0 (36)

Thefourth-ordertensorsr � and
t � � aretheaveragestrainlocalizationtensorsr �

and
theinfluencetensors

t �lº
whicharethebasicingredientsof theTFA ([Dvorak,1992]):r � � %¸ � %& � & '^( rz)2+G, ��� )�+E,�-_+$�

and t �lº � %¸ � %& � & %& � & '^(<'^( ��� )�+E, n )2+b�P+ � ,>3/?A)�+ � , ��º )2+ � ,x-_+ � -_+b0
A few well known algebraicpropertiesof thesetensorsareusefulin their computations¼� � �y� t º2� �¶h ; r º � ¼� � �y� t º2� ? ª �� �¶oq� ¸ º ? º t º2� �e¸ � T

t �lº ? � 0
4. EXAMPLES

The relative meritsof the above modelsareassessedby meansof the following two-
dimensionalexample.Ther.v.e. consistsof a squareunit cell containinga squareinclu-
sion(phase1) locatedat its center(with volumefraction ¸ � �eo½0 :S¾ ). Theunit cell is sub-
jectedto periodicboundaryconditions.The inclusionis linearelastic.Thesurrounding
matrix is elasticperfectlyplastic(von Misescriterionwith yield stress¿�À � % oSo MPa).
Theinclusionandthematrixhave thesameelasticmoduli Á � % oSo GPa, Â �poq0 :S¾ .



(a) (b) (c)

Figure 1: Unit cell. Subdivisionsusedfor the implementationof theTFA. (a): 2 subdo-
mains,matrixandinclusion.(b): 8 subdomainsin thematrix. (c): 48 subdomainsin the
matrix,4 subdomainsin theinclusion.

(a) (b) (c)

Figure 2: (a) Meshusedin the FEM calculations. (b) Shapefunction1 (flow modein
simpleshear).(c) Shapefunction2 (flowmodein uniaxial tension).
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Figure3: Effectivestressstrain curves.(a) Pureshear. (b) Uniaxial tension.Thenumber
in parenthesesdenotesthenumberof subdomainsor shapefunctionsusedin the imple-
mentationof theTFA or NTFA.

Theunit cell is subjectedto anin-planeoverall stress��� ¿x��� ¨ �#Ã ¨ � 8 ¿#Ä�Ä ¨ Ä�Ã ¨ Ä 8 : ¿��2Ä ¨ �.Ã º ¨ Ä 0 (37)

Attentionhasbeenpaidto two specificcases,simpleshear( ¿x��� � ¿#Ä�Ä �mo ) anduniaxial
tension( ¿��2Ä � ¿#Ä�Ä �Åo ). The exact responses(up to numericalerrors)of the unit cell
underthe simpleshearanduniaxial tensionhasbeencomputedby the FEM. The TFA
andtheNTFA havealsobeenimplemented.

Severalsubdivisionsof theunit cell havebeenconsideredin theimplementationof the
TFA. Thecrudersubdivisionconsiderstheplasticstrainto beuniform in thematrix (Fig-
ure1a). Finersubdivisionswerealsoinvestigatedin which the matrix wasdivided into
8 and48 subdomainsrespectively, asshown in Figure1b and1c. Theelasticproperties
of the inclusionandof thematrix beingidentical,theelasticstrainlocalizationis trivialrs)�+E,>�mh . Theinfluencematrices

t �lº
arecomputednumericallyby theFiniteElement

Methodusinga regularmeshof Æ o Ç Æ o quadrilateral8 nodeselementsshown in Figure
2a.A uniformeigenstrain� an is prescribedto thesubdomain� º andtheaveragestrainin
subdomain� � causedby thisperturbationis computed.Thecorrespondingrelationyields
theinfluencetensor

t �lº
.

Only threeshapefunctionswereusedin theNTFA (moreshapefunctionscouldhave
beenusedbut it is worthnotingthatsatisfactoryresultscanbeobtainedwith relatively few



shapefunctions).Thefirst shapefunction �¬� is thecharacteristicfunctionof theinclusion.
Thesecondshapefunction ��Ä is theflow modein pureshear. Thethird shapefunction ��È
is the flow modeunderuniaxial tension.Thesemodesandthe correspondinginfluence
matrices

t � � werecomputednumericallyby theFEM usingthemeshshown in Figure
2a. Snapshotsareshown in Figure2b (pureshear)and2c (uniaxial tension). Whiter
zonesdenotehigherstrains.Remarkablyenough,thepatternflow modeunderpureshear
showszoneswith uniformstrains.An exactsolutionfor this problemcanbeconstructed
in closedform. Thestrainfield, solutionof theelasto-plasticevolutionproblem,is apure

slip solutionwhichcanbeexpressedin termsof É e � ¿�À:_Ê Ë¬Ì as

É��2Ä � É e in ®k� É��2Ä � É_�2Ä�;BÉ e% ; Ê ¸ � 8 É e in Í � É��2Ä � É��2ÄE;BÉ e: ) % ; Ê ¸ � , 8 É e in Î � (38)

where ® denotesthe inclusion, Í denotesthe subdomainslocatedat the top right, top
left, bottomright, bottomleft in Figure1b, and Î denotestheremainingsubdomainsin
Figure1b.

The responsesof the unit cell to the imposedloadingsaspredictedby the TFA and
NTFA modelsareshown in Figure3. The predictionsof the TFA with the cruderdis-
cretizationi.e. with onesubdomainfor the inclusionandonesubdomainfor thematrix
areunrealisticallystiff (thisis well known [Suquet,1997], [Chabocheetal, 1999]).When
the discretizationis refined(thenumberof subdomainsis increased),thepredictionsof
theTFA becomemorerealistic.In simpleshear, theexactsolutionis recoveredby thedis-
cretizationwith 8 subdomainsasfollows straightforwardly from theexactsolution(38).
But in generaltheconvergencetowardstheexactsolutioncanbeslow asthenumberof
subdomainsis increased.This is shown in Figure3b whereit is seenthat,evenwith 48
subdomainsin thematrix, thepredictionof theTFA is not very accurate.Theprediction
of the NTFA with only 3 modesis asaccurateasthe predictionof the TFA with many
moresubdomains.This is dueto the fact that the solution is nonuniformandthat this
nonuniformityis built-in into theshapefunctions.

In conclusion,we have shown that the reductionof thenumberof internalvariables
achievedby theTFA canbe improved. We have considereda decompositionof themi-
croscopicanelasticfield onshapefunctionswhicharenonuniformandwhichcapturethe
expectednonuniformityof theexactfields.
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