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The Discretized Kirchhoﬀ Integral method has been recently tested against laboratory experiments using a model with surface curvatures and sharp edges generating wave diﬀraction eﬀects.
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Comparisons between numerical and laboratory data have exhibited a good quantitative ﬁt in terms
of time arrivals and amplitudes, except in the vicinity of secondary shadow boundaries created by
the interaction of the edges of some topographical structures. Following this work, the eﬀect of
multiple scattering and the surface curvatures on the waveﬁeld is studied here, using the so-called
diﬀraction attenuation coeﬃcient, in order to deﬁne the cases where these eﬀects may be neglected
in the numerical modeling without loss of accuracy.
Keywords: Diﬀraction; scattering; topography; physical model; numerical modeling.

1. Introduction
Accurate simulation of wave propagation in the presence of complex structures which can
generate diﬀractions is a topic of interest to diﬀerent scientiﬁc domains in acoustics since
it is a core tool for imaging and inversion. Among the diﬀerent numerical methods which
can be used in such a context (e.g. ray tracing, ﬁnite element method. . . ), methods based
on Kirchhoﬀ integral1 are often preferred because they represent a good trade-oﬀ between
accuracy and eﬃciency in terms of computational cost. Recently, the discretized Kirchhoﬀ
integral method has been tested against laboratory small-scaled experiments using a physical model with strong 3D topographies and broad-beam sources/receivers.2,3 This method
is a simpliﬁed version of the Tip-Wave Superposition method,4 with conventional planewave reﬂection coeﬃcients used instead of the eﬀective reﬂection coeﬃcients.5 It assumes
single scattering, i.e. single reﬂection from interfaces and single diﬀraction from edges and
vertices. The features of the physical model have complicated surface curvatures, several
edges and vertices. The comparisons between numerical and laboratory data have exhibited
a good quantitative ﬁt in terms of time arrivals and amplitudes, except in the vicinity of
secondary shadow boundaries created by the interaction of the edges of some topographical structures. Following our previous work, we now study the eﬀect of multiple scattering
and the surface curvature of such complex-shaped structures, in order to deﬁne the cases
where these eﬀects may be neglected in the numerical modeling without loss of accuracy.
Indeed, including both multiple scattering and eﬀective reﬂection coeﬃcients in the numerical method leads to a signiﬁcant increase in computational resources and costs. We pay
more attention on speciﬁc areas of the physical model which generate complicated diﬀracted
waveﬁelds. Besides previous and quantitative analysis,2,3 additional insight is provided here
through comparisons of the so-called diﬀraction attenuation coeﬃcient (DAC)6,7 evaluated
for numerical and laboratory data, and also for approximate solutions taking into account
single and double diﬀractions.
Sections 2 and 3 brieﬂy describe the discretized Kirchhoﬀ integral method and the
laboratory experiments, respectively. In Sec. 4, the derivations for the DAC are presented.
Waveﬁelds for speciﬁc areas are analyzed in Sec. 5, and conclusions are drawn in Sec. 6.
2. Discretized Kirchhoﬀ Integral Modeling
We consider a three-layered medium (Fig. 1). The homogeneous ﬂuid medium D1 is characterized by the wave velocity vp1 and the mass density ρ1 . The isotropic viscoelastic medium
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(a)

(b)

Fig. 1. Schematic representation of the reﬂections from the top (left) and the bottom (right) of the viscoelastic
layer D2 .

D2 is characterized by the P -wave velocity vp2 , the S-wave velocity vs2 , the mass density
ρ2 , and the quality factors Qp and Qs . The isotropic elastic medium D3 is characterized by
the P -wave velocity vp3 , the S-wave velocity vs3 and the mass density ρ3 . The media are
separated by the piecewise smooth interfaces S1 and S2 , respectively. Let x = (x1 , x2 , x3 )
be a ﬁxed Cartesian coordinate system. We consider a zero-oﬀset conﬁguration (i.e. the
distance between the source and the receiver is zero), with a piezoelectric disk transducer
SD acting both as a source of incident radiation and as a receiver of reﬂected and diﬀracted
waveﬁelds.
The scattered waveﬁeld p(xr ) can be represented as
p(xr ) = p(1) (xr ) + p(3) (xr ),

(1)

where p(1) (xr ) and p(3) (xr ) are the reﬂections from the top and the bottom of the viscoelastic
layer D2 , respectively. As was shown in Ref. 2, using the Kirchhoﬀ approximation and the
far-ﬁeld approximation, the pressure waveﬁeld at a given receiver point xr , singly scattered
by S1 , can be represented by

iω F (ω)
(1) r
(Ĝ1 (xr ; x1 ))2 cos θx1 (x1 , xr )Rp1 p1 (θx1 (x1 , xr ))dS1 (x1 ), (2)
p (x ) ≈ −
2π vp1
S1
where
eiω|x −x1 |/vp1
A[γ(xr , x1 )]
Ĝ1 (x ; x1 ) ≈
|xr − x1 |
r

r

(3)

is the response received at the transducer located at xr and emanated from the surface
point x1 in the far-zone of the transducer. A[γ(xr , x1 )] is the directivity function which is
the same for both radiation and reception, γ(xr , x1 ) being the angle between the normal
to the transducer’s interface and the ray connecting points xr and x1 . Rp1 p1 (θx1 (x1 , xr ))
is the plane-wave reﬂection coeﬃcient of the pressure–pressure type, θx1 (x1 , xr ) being the
angle between the normal vector n (x1 ) at the surface point x1 directed into the layer D1
1750023-3
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and the ray connecting the points x1 and xr . F (ω) is the Fourier transform of the source
wavelet, ω being the angular frequency.
The waveﬁeld at a given receiver point xr , singly scattered by S2 , is obtained in a similar
way as





iω 3 F (ω)
cos θx3 (x3 , xr ) + cos θT (x3 )
(3) r
r
Ĝ1 (x ; x3 )
p (x ) ≈ −
2
2π
2
vp1 Vp2
S1



cos θx2 (x2 , x3 ) + cos θR (x2 )
Tφ2 p1 (θx3 (x2 , x3 ))G2 (x3 ; x2 )
×
2
S2



cos θx1 (x1 , x2 ) + cos θT (x1 )
Rφ2 φ2 (θx2 (x1 , x2 ))G2 (x2 ; x1 )
×
2
S1
× Tp1 φ2 (θx1 (xs , x1 ))Ĝ1 (x1 ; xs )dS1 (x1 )dS2 (x2 )dS1 (x3 ),

(4)

where
G2 (xk ; xj ) =

eiω|xk −xj |/Vp2
|xk − xj |

(5)

is the Green’s function corresponding to the P -wave potential in D2 , |xk − xj | being the
distance between the points xj and xk . The velocity Vp2 is complex-valued
 


ω
1
i
ln
−
,
(6)
Vp2 = Vp2 (ω) = vp2 1 +
πQp
ωr
2Qp
where ωr is a reference frequency at which the reference attenuation factor Qp = Qp (ωr ) is
known and considered as a constant. Ĝ1 (xr ; x3 ) and Ĝ1 (x1 ; xs ) are given by Eq. (3) with
appropriate variables. In Eq. (4), the notation θxi (xj , xk ) represents an angle between the
normal vector at the point (denoted by subscript) and the ray connecting two points (in
brackets), whereas the notation θR,T (xk ) represents an angle between the normal vector at
the point (shown in brackets) and the waveﬁelds reﬂected or transmitted (subscript R or T )
at the same point. The exact expressions for the frequency-dependent reﬂection coeﬃcients
Rp1 p1 and Rφ2 φ2 and transmission coeﬃcients Tp1 φ2 and Tφ2 p1 are given in Ref. 8.
3. Laboratory Experiments
A conventional ultrasonic pulse-echo technique has been used to obtain the reﬂection data
from a model containing a full dome, a truncated small dome, a fault, and a truncated
pyramid. The model of size 600 mm × 400 mm × 70 mm is made of PVC whose viscoelastic
properties are in the same range as those of typical geological media. The model has been
immersed in a water tank equipped with a computer-controlled system which allows for
accurate positioning of the source and receiver. It was placed on a thick aluminum plate
for support. The properties of the materials measured within the frequency range [300 kHz–
1 MHz] are presented in Table 1. Attenuation in the water and aluminum is negligible.
1750023-4

August 16, 2017

11:51

WSPC/S0218-396X

130-JCA

1750023

Scattering from a Complex-Shaped Layer

Table 1. Properties of the materials measured within the frequency
range (300 kHz–1 MHz) and associated uncertainties.

Water
PVC
Aluminum

vp (m/s)

vs (m/s)

ρ (kg/m3 )

Qp

Qs

1476
2220 ± 10
6440

—
1050 ± 10
3170

1000
1412 ± 17
2700

—
40–60
—

—
27–31
—

Fig. 2. Acquisition area (light gray) and speciﬁc locations (black crosses) considered in this study.

The model has been illuminated using a piezoelectric transducer operating as both a
source and a receiver with a dominant frequency equal to 500 kHz. The transducer has
a broad-beam aperture (45◦ at −3 dB). We have considered a scaling factor µ = 2.104 :
the experimental frequency of 500 kHz corresponds to a real frequency of 25 Hz, and the
experimental distance of 10 mm to a real distance of 200 m, velocities as well as densities
and attenuations remain unchanged. A more detailed description of the experimental setup
and conditions can be found in Ref. 2. Acquisitions have been performed along Y -lines with
a spatial sampling x equal to 2 mm (Fig. 2).

4. Edge Diﬀraction Modeling
The waveﬁeld in the presence of diﬀracting features has been widely studied within the
framework of the geometrical theory of diﬀraction. However, this theory breaks down, for
instance, in the vicinity of the shadow boundaries,7 often referred to as boundary layers. To
overcome this diﬃculty, a better description of the diﬀraction phenomenon in such neighborhoods has been then proposed by Klem-Musatov.7 Within the theory of edge and tip
diﬀraction for singly-scattered waveﬁelds, he introduced a special complex-valued function
1750023-5
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W (u), that is related to the generalized Fresnel integral,

iπξ2
1 ∞
u
2 dξ
W (u) =
e
π 0 u2 + ξ 2

(7)

for compensating for the discontinuity in amplitude of the reﬂected wave propagating from
a semi-inﬁnite
face at the shadow boundary caused by the edge of the face. The parameter

u = 4f (τd − τg ), that is a derivative of the Fresnel zone size,9 indicates the distance from
the shadow boundary. Here, f is the dominant linear frequency, τd and τg are the two-way
traveltimes corresponding to the diﬀracted and geometrical (reﬂected) waves, respectively.
The amplitude of the waveﬁeld in the boundary layer is thus equal to

Ag W (u)eiωτd
in the shadow zone,
A(u) =
(8)
Ag (eiωτg − W (u)eiωτd ) in the illuminated zone,
where Ag is the amplitude of the geometrical waveﬁeld.
The so-called diﬀraction attenuation coeﬃcient (DAC) is often used in order to analyze
the wave structure of the seismograms recorded in environments with diﬀracting structures.6
Here, this coeﬃcient helps essentially in evaluating the eﬃciency of accounting for diﬀractions eﬀects in numerical modeling. We introduce the DAC for singly-scattered waveﬁelds
(i.e. DACapp,ss ) as the absolute value of the ratio of the waveﬁeld amplitude A described by
Eq. (8) and the amplitude of the geometrical wave Ag . The DAC evaluated from the numerical seismograms obtained with the discretized Kirchhoﬀ integral method (i.e. DACnum )
accounts for single scattering only, which is suﬃcient for most of the oﬀsets. Nevertheless, for some problematic oﬀsets discussed below, considering multiple scattering may be
needed. We refer the reader to6,10,11 for more details on the evaluation of the DACs, and
more speciﬁcally on the approximate evaluation of the DAC for doubly-scattered waveﬁelds
(i.e. DACapp,ds ).
5. Comparisons and Waveﬁeld Analysis
In this section, we study the waveﬁeld in the presence of diﬀracting edges. We pay more
attention to speciﬁc locations along the lines Y150 and Y250, marked with black crosses in
Fig. 2. They cover wedge shapes at the sides of the truncated pyramid, the full dome, as
well as the truncated part of the small dome. Besides reﬂections from the ﬂat and spherical
parts of the model, they contain diﬀracted waveﬁelds generated by edges. Quantitative
analysis between numerical and experimental data is provided through comparisons of DAC
evaluated for numerical (DACnum ) and laboratory (DAClab ) data, and for approximate
(DACapp,ss and DACapp,ds ) solutions. The results for the problematic oﬀsets are presented
in Figs. 3–7 and in Table 2.
Consider the vicinity of the truncated pyramid, and more speciﬁcally a trace in the
shadow zone of the left edge of the lower ﬂat face (Fig. 2). The trace is composed of several
groups of reﬂected and diﬀracted waveﬁelds generated, for instance, from the edge of the
lower ﬂat face (denoted by T 1 in Fig. 3(a)), from the left edge of the upper ﬂat face (T 2),
1750023-6
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Table 2. Diﬀraction attenuation coeﬃcient (DAC) evaluated for approximate (DACapp,ss and
DACapp,ds ) solution, numerical (DACnum ) and laboratory (DAClab ) data. Relative discrepancies
between DAClab and DACapp,ss , DACapp,ds , and DACnum , respectively, are indicated in brackets.
Approximate Solutions

Truncated pyramid
Full dome
Truncated dome (cut)

Single Scattering

Double Scattering

Numerical Data

Laboratory Data

0.466 (∼ 1.5%)
0.500 (∼ 13%)
0.580 (∼ 36%)

0.450 (∼ 5.0%)
0.428 (∼ 3.5%)
0.424 (< 1%)

0.450 (∼ 5%)
0.501 (∼ 13%)
0.535 (∼ 25.5%)

0.473
0.443
0.426

(a)

(b)

Fig. 3. Schematic representation of the singly-scattered waveﬁelds from the left-hand side of the truncated
pyramid (line Y250) for (a) the top of the PVC layer and (b) the bottom of the PVC layer.

or from the right edge of the upper ﬂat face (T 3), as well as from the bottom of the
viscoelastic medium (B1–B6 in Fig. 3(b)). All the groups of waves are quite well separated
in time. Qualitative comparison of laboratory and numerical traces shows a good ﬁt both
in amplitude and traveltime (Fig. 4). Quantitative comparison through the evaluation of
the DACs shows that DACapp,ss is very close to DAClab , and much closer than DACapp,ds
(Table 2). Consequently, taking into account single scattering only is suﬃcient to describe
the waveﬁeld behavior in terms of amplitude in the vicinity of the truncated pyramid,
since double diﬀraction does not play any signiﬁcant role in this case. However, DACnum
approximates DAClab with a relative discrepancy of 5%. It seems that the discontinuity in
the slope of the pyramid has an impact on the waveﬁeld.
Consider now the vicinity of the full dome, and more speciﬁcally a trace close to the
edge at the right-hand side (Fig. 2). The trace is composed of several groups. The ﬁrst
1750023-7
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Fig. 4. (Color online) Comparison of the laboratory (red dash-dotted line) and numerical (black solid line)
traces located at the left-hand side of the truncated pyramid (line Y250).

(a)

(b)

Fig. 5. Schematic representation of the singly-scattered waveﬁelds from the front and the cut of the small
dome (line Y150) for (a) the top of the PVC layer and (b) the bottom of the PVC layer.

one corresponds to the waveﬁeld reﬂected from the dome (T 3 in Fig. 5(a), left-hand side),
well separated in time from the rest of the waveﬁelds. The second group corresponds to the
reﬂection from the ﬂat face (T 1) and the diﬀractions from the edge of the ﬂat face and the
dome (T 2), whose traveltimes almost coincide. The third group is composed of the reﬂections
1750023-8
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Fig. 6. (Color online) Comparison of the laboratory (red dash-dotted line) and numerical (black solid line)
traces located at the right-hand side of the full dome (line Y250).

from the bottom of the viscoelastic medium (B1–B3), whereas the fourth one is composed
of two waves doubly diﬀracted from the edge of the ﬂat face and the edge of the dome (B2–
B4). The laboratory data and numerical traces exhibit a good ﬁt both in amplitude and
traveltime for the events (Fig. 6), except for B2–B4. Quantitative comparison through the
evaluation of the DACs (Table 2) conﬁrms the importance of taking into account double
scattering in modeling. Indeed, DACnum is signiﬁcantly higher than DACapp,ds that best
approximates DAClab , with a relative discrepancy equal to 3.5%. Moreover, the high value
of DACnum , together with the small misﬁt in time and amplitude of the event T 3, suggests
an eﬀect of the edge curvature that must be taken into account in a more appropriate
way in the modeling code. Similar observations can be made for the case of the small
truncated dome, the only diﬀerence between the full and the small dome being the surface
curvature.
Finally, consider the vicinity of the truncated part of the small dome, and more speciﬁcally a trace in the illuminated zone of the lower edge of the truncated dome (Fig. 2). The
trace is composed of the reﬂected waveﬁelds from the dome (T 1 in Fig. 5(a), right-hand side)
and from the ﬂat face (T 4), the diﬀracted waveﬁelds from the upper edge (T 2) and from
the lower edge (T 3), as well as the reﬂected waveﬁelds from the bottom of the viscoelastic
medium and the doubly-scattered waveﬁelds (B1–B5). The waveﬁelds T 1–T 4 are well separated in time. The traveltime for the doubly-scattered waveﬁeld almost coincides with the
traveltime for the waveﬁelds T 3–T 4. Qualitative comparison between the laboratory data
and numerical traces exhibits acceptable ﬁt both in amplitude and traveltime between the
waveﬁelds reﬂected and diﬀracted by the top of the medium, but noticeable discrepancies for
the waveﬁelds scattered by the bottom (Fig. 7). Moreover, DACnum approximates DAClab
with a high relative discrepancy of about 26% (Table 2). Although this value is better than
for the DACapp,ss (relative discrepancy of 36%), it is much worse than that provided by
1750023-9
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Fig. 7. (Color online) Comparison of the laboratory (red dash-dotted line) and numerical (black solid line)
traces located at the cut of the small dome (line Y150).

DACapp,ds (relative discrepancy less than 1%). These results strongly suggest that, in the
vicinity of the truncated part of the small dome, double scattering is predominant and must
be taken into account into modeling. The eﬀect of the edge curvature seems negligible in
this case.
From Table 2, we can also note that, from the truncated pyramid to the full dome
and then to the truncated dome case, the relative discrepancies between the numerical
and laboratory data increase from 5% to 25.5%. This trend is similar to that observed
for the approximate solution based on single scattering, and opposite to that observed for
the approximate solution based on double scattering. This is fully consistent with one of
the underlying assumptions (single scattering) of the numerical method used. These trends
show that the double-scattering eﬀect becomes more and more predominant and complex
with increasing complexity in the shape of the topographical structures, in particular for
structures with sharp edges characterized by angles close to π2 . As a consequence, the doublescattering eﬀect must be taken into account in the numerical method for simulating the
complex waveﬁelds more accurately.
6. Conclusion
The discretized Kirchhoﬀ integral method uses plane-wave reﬂection coeﬃcients and
assumes single scattering. Recent tests against laboratory experiments using a model with
surface curvatures and sharp edges generating wave diﬀraction eﬀects have shown that this
method can reproduce correctly the waveﬁelds, except in the vicinity of secondary shadow
boundaries created by the interaction of the edges of some topographical structures. Following this work, we have studied here the eﬀect of multiple scattering and the surface curvatures on the waveﬁeld, in order to deﬁne the cases where these eﬀects may be neglected
1750023-10
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in the numerical modeling without loss of accuracy. Quantitative analysis has been conducted through comparisons of the so-called diﬀraction attenuation coeﬃcient evaluated
for numerical and laboratory data, and also for approximate solutions taking into account
single and double diﬀractions. Surprisingly, replacing the plane-wave reﬂection coeﬃcient
by the eﬀective reﬂection coeﬃcient in the presence of most of the topographical structures
is not mandatory, in particular if a trade-oﬀ between accuracy and low computational costs
is seeked. On the contrary, it has been shown that double scattering is predominant for
most of the topographical structures, in particular for structures with sharp edges characterized by angles close to π2 . Therefore, double scattering must be included in the numerical
method, in order to obtain a much better modeling of waveﬁelds.
A modiﬁed version of the TWSM that evaluates multiply-scattered waveﬁelds is currently developed and tested. Besides the mathematical derivations that are a bit tricky
(e.g. modiﬁcation of the cascade diﬀraction terms, correct and stable approximation of the
propagation matrix and the diﬀraction integral operators), including double scattering in
the method requires to decrease by 16 (at least) the area of the curved triangles that mesh
the interface, and then leads to a drastic decrease in the speed of evaluation in comparison
to the simpliﬁed version of TWSM used in this paper. Fortunately, using a GPU cluster
will permit to reach a reasonable cost in terms of computational time at the end.
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